
Espacio de Hilbert Boreliano (B) Conjunto lin. indep. Base ortonormal {eωn}∞n=0 Relación de ortonormalización en L2
ω(B) Base ortonormal {en}∞n=0 en L2(B)

separable (H) Func. peso ω(x) a ortonormalizar en L2(B) numerable en L2
ω(B)

∫

B
eω∗
n (x)eωm(x)ω(x)dx = δnm

∫

B
e∗n(x)em(x)dx = δnm

H = L2[−1, 1] B = [−1, 1] {xn}∞n=0 ⊂ H eωn =
√

n+ 1/2Pn(x)
∫ 1

−1
Pn(x)Pm(x)dx = 2

2n+1δn,m en(x) =
√

n+ 1/2Pn(x)

ω(x) = 1 Pn(x) ≡ polinomio de Legendre P0(x) = 1, (n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x), n ≥ 1

Pn(x) =
(−1)n

n!2n
dn

dxn (1− x2)n Pn(−x) = (−1)nPn(x), (1− x2)d
2Pn(x)
dx − 2xdPn(x)

dx + n(n+ 1)Pn(x) = 0

H = L2[0,∞] B = [0,∞] {xne−x/2}∞n=0 ⊂ H eωn = Ln(x)
∫∞

0
e−xLn(x)Lm(x)dx = δn,m en(x) = e−x/2Ln(x)

ω(x) = e−x Ln(x) ≡ polinomio de Laguerre L0 = 1, (n+ 1)Ln+1(x) = (2n+ 1− x)Ln(x)− nLn−1(x), n ≥ 1

Ln(x) =
1
n!e

x dn

dxn (e
−xxn) xd2Ln(x)

dx2 + (1− x)dLn(x)
dx + nLn(x) = 0

H = L2(R) B = R {xne−x2/2}∞n=0 ⊂ H eωn = 1
(n!2n

√
π)1/2

Hn(x)
∫ +∞

−∞ e−x2

Hn(x)Hm(x)dx =
√
π2nn!δn,m en(x) =

e−x2/2

(n!2n
√
π)1/2

Hn(x)

ω(x) = e−x2

Hn(x) ≡ polinomio de Hermite H0(x) = 1, Hn+1(x) = 2xHn(x)− 2nHn−1(x), n ≥ 1

Hn(x) = (−1)nex
2 dn

dxn e
−x2

Hn(x) = (−1)nHn(−x), d2Hn(x)
dx2 − 2xdHn(x)

dx + 2nHn(x) = 0

H = L2([a, b]) B = [a, b] {e(1)n }+∞
n=−∞ = { 1√

b−a
ei

2πn
b−ax}+∞

n=−∞ {e(2)n }∞n=0 = { 1√
b−a

,
√

2
b−a cos 2πkx

b−a ,
√

2
b−a sin 2πkx

b−a }+∞
k=1

b− a = 2π ω(x) = 1 {e(1)n }+∞
n=−∞ = { 1√

2π
einx}+∞

n=−∞ {e(2)n }∞n=0 = { 1√
2π

,
√

1
π cos kx,

√

1
π sin kx}+∞

k=1

Convergencia en norma ∀f ∈ H : f =
∑

n〈en, f〉 en ⇔ limn→∞||f −
∑m

n=0〈en, f〉 en|| = 0 ⇔ ∀ǫ > 0 ∃m ∈ N :
∫

B
|f(x)−

∑m(ǫ)
n=0 〈en, f〉 en|2dx < ǫ2 con {en}∞n=0 ≡ b.o.n. de H

H = L2(B) ⇒
∫

B
|f(x)|2dx = ||f ||2 =

∑

n |〈en, f〉|2 con 〈en, f〉 =
∫

B
e∗n(x)f(x)dx

f = g ω1/2 ∈ L2(B) ⇔ g = f ω−1/2 ∈ L2
ω(B)

TABLA 1 (general)
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